Previously (A. Akhmeteli, J. Math. Phys., v. 52, p. 082303 (2011)), the Dirac equation in an arbitrary electromagnetic field was shown to be generally equivalent to a fourth-order equation for just one component of the four-component Dirac spinor function. This was done for a specific (chiral) representation of gamma-matrices and for a specific component. In the current work, the result is generalized for a general representation of gamma-matrices and a general component (satisfying some conditions). The resulting equivalent of the Dirac equation is also much more symmetric than that of the previous work and should be useful in applications of the Dirac equation.
I. INTRODUCTION
The Dirac equation "remains a cornerstone of physics to this day" (Ref. [1] ). While it describes evolution of a four-component Dirac spinor function, it was shown recently (Ref. [2] ; see also Ref. [3] , pp. 24-25) that, surprisingly, in a general case, three out of four complex components of the Dirac spinor can be algebraically eliminated from the Dirac equation in an arbitrary electromagnetic field. Therefore, the Dirac equation is generally equivalent to a fourth-order partial differential equation for just one component, which can be made real (at least locally) by a gauge transform. However, this result was derived for a specific (chiral) representation of γ-matrices and for a specific component. In this article, the fourth-order equation for one function, which is equivalent to the Dirac equation, is derived for an arbitrary set of γ-matrices satisfying the standard hermiticity conditions and for an arbitrary component that is also a component of the right-handed or the left-handed part of the Dirac spinor function. The resulting equation is also much more symmetric than that of Ref. [2] . This result is important both for foundations of quantum theory (see Ref. [4] ) and for applications of the Dirac equation, such as high energy physics and quantum chemistry.
II. ALGEBRAIC ELIMINATION OF COMPONENTS FROM THE DIRAC EQUATION IN A GENERAL FORM
Let us start with the Dirac equation in the following form:
where, e.g., / A = A µ γ µ (the Feynman slash notation). For the sake of simplicity, a system of units is used where = c = m = 1, and the electric charge e is included in A µ (eA µ → A µ ).
The metric tensor used to raise and lower indices is (Ref. [5] )
Multiplying both sides of equation (1) by (i / ∂ − / A) from the left and using notation
(a similar formula can be found, e.g., in Ref. [6] , p. 102). We obtain:
where the modified d'Alembertian ′ is defined as follows:
and
We assume that the set of γ-matrices satisfy the standard hermiticity conditions (Ref. [5] ):
Then a charge conjugation matrix C can be chosen in such a way (Ref. [7] ) that
where B T denotes a transpose of B, and I is the unit matrix.
Let us choose a component of the Dirac spinor ψ in the formξψ, where ξ is a constant spinor (so it does not depend on the spacetime coordinates x = (x 0 , x 1 , x 2 , x 3 ), and ∂ µ ξ ≡ 0), and multiply both sides of equation (5) byξ from the left:
To derive an equation for only one componentξψ, we need to expressξF ψ viaξψ, but it is not clear if this can be done for an arbitrary spinor ξ. Therefore, we demand that ξ is an eigenvector of γ 5 with an eigenvalue ±1, so γ 5 ξ = ±ξ (in other words, ξ is either right-handed or left-handed). Thenξ = ξ † γ 0 is a left eigenvector of γ 5 with an eigenvalue ∓1, asξ
The same is true for spinorsξF and (Cξ * ), as γ 5 commutes with σ µν (Ref. [5] ), and
Let us prove that spinorsξ and (Cξ * ) are linearly independent (ifξ does not vanish). Indeed,
we can multiply both sides of this equality by γ 0 ξ from the right:
however,
as C is antisymmetric (10) (the spinor indices α and β in the sums take values 1,2,3,4), and
α ξ α is positively definite, so λ = 0. On the other hand, ifξ does not vanish, neither does (Cξ * ).
As the subspace of left eigenvectors of γ 5 with an eigenvalue ∓1 is two-dimensional and includes spinorsξF ,ξ, and (Cξ * ), where the two latter spinors are linearly independent (being a right eigenvector of γ 5 , ξ does not vanish, so neither doesξ), there exist such a = a(x) and b = b(x) thatξ
If we multiply both sides of equation (17) by γ 0 ξ from the right, we obtain, in view of equation (16), that
Multiplying both sides of equation (17) by γ 0 Cξ * from the right, we obtain
(again, C is antisymmetric) and
Equations (11,17) yield
Multiplying both sides of equation (5) by (Cξ * ) from the left, we obtain:
As (Cξ * ) is a left eigenvector of γ 5 with an eigenvalue ∓1, the same is true for (Cξ * )F , as γ 5 commutes with σ µν . Using reasoning similar to that preceding equation (17), we obtain:
where a ′ = a ′ (x) and b ′ = b ′ (x). The minus sign before b ′ was chosen because C(Cξ * ) * = CC * ξ = CC †T ξ = −ξ. Taking this into account and comparing equations (17) and (24), we can see that the expressions for a ′ and b ′ can be obtained from those for a and b, respectively (equations (18) and (19)), by substitution of ξ with Cξ * and Cξ * with −ξ:
We also used equations (21) and (9).
Similarly, using equation (21), we obtain
Using equations (22), (23), and (24), we obtain:
This equation for one componentξψ is equivalent to the Dirac equation (if b / ≡0). It can probably be further simplified and symmetrized (in particular, a more symmetric form can include a set of identical equations for different components), but at this point let us just rewrite it in a more explicit form with fewer divisions:
It is not difficult to check that the Dirac spinor ψ can be restored if its component ξψ is known. To this end, one can calculate another component, (Cξ * )ψ, using equation (22), express ψ as a sum of a right-handed and a left-handed spinors ψ + and ψ − , where γ 5 ψ ± = ±ψ ± , express ψ ∓ as a linear combination of γ 0 ξ and γ 0 Cξ * (these spinors are linearly independent eigenvectors of γ 5 with an eigenvalue ∓1) and express the coefficients via the componentsξψ and (Cξ * )ψ. When ψ ∓ is found in this way, ψ ± can be found using the Dirac equation (1).
Let us apply the above results to the specific case considered in Ref. [2] . In the chiral representation of γ-matrices (Ref. 
where index i runs from 1 to 3, and σ i are the Pauli matrices. One can obtain:
